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It is shown that for any graph G on n points the maximum number of lines 
that need be deleted from G so that each component of the remaining subgraph 
is complete is equal to 




where N is the greatest integer for which N(N + 1) < 2n. The proof makes 
extensive use of the Ferrers array and its conjugate of a partition of a positive 
integer. This problem is one of a new class of extremal problems in graph 
theory. 
We begin by first stating a class of problems. Here all graphs considere 
are finite, undirected, and have neither loops nor multiple lines. Let P be 
some class of such graphs with any number of points prescribed and 
consider the problem of determining the maximum number P(n) of lines 
that must be removed from a graph on n points so that the remaining 
subgraph is in P. To be precise, suppose the graph G contains a subgrap 
in class P and let P(G) be the smallest number of lines that must be delete 
from G so that the remaining subgraph is in P. Then P(n) = max P(G) 
where the maximum is taken over all graphs G on y1 points which have a 
subgraph in P. 
If, for example, P is the class of graphs that are not connected then 
P(n) = n - 1 since a graph will no longer be connected if we remove alI 
* Research supported by the United States Atomic Energy Commission. 
245 
0 1972 by Academic Press, Inc. 
246 ENTRINGER AND HARNER 
lines incident with some particular point and the complete graph K,, 
remains connected if only y1 - 2 lines are removed. 
As another example, suppose P is the class of trees. Then we must 
consider only connected graphs G on y2 points in determining P(n). But 
then G has a spanning tree and so P(n) = (3 - (n - 1) since the complete 
graph K, requires the removal of that many lines. 
A less trivial problem results if P is the class of graphs each of whose 
components is complete (component-complete graphs) and it is this 
problem to which we adress ourselves here. We begin by establishing a 
correspondence between component-complete graphs and Ferrers arrays. 
Let v(G) and e(G) be the number of points and lines of G, respectively. 
Let G be component-complete with components G, , G, ,..., G, and 
v(GJ = ni , i = l,..., k, where the Gi are ordered so that ni > nj for 
i < j. Then, if v(G) = ~1, G can be associated with the partition of n given 
by 
n = n1 + n2 + ... + nk 
and hence with the Ferrers array, F(G), of that partition. All partitions 
will be assumed to be written in monotonically non-increasing order. Each 
component-complete graph has an associated Ferrers array and two 
component-complete graphs with the same Ferrers array are isomorphic. 
If G is component-complete we define the Ferrers dual of G, G’, as the 
component-complete graph whose Ferrers array is the transpose of (the 
conjugate of) the Ferrers array of G. A component-complete graph, its 
Ferrers dual, and their associated Ferrers arrays are shown in Fig. 1. 
Now let G be component-complete with components G1 , G, ,..., Gk and 
v(G,) = ni . Then v(G) = y1 = C%, ni . Label the points of G so that pi,j 
is the j-th point of the i-th component of G. A Ferrers dual of G can be 
constructed on the pi,j by choosing one point from each component of G, 
constrncting the complete graph on these (this is a component of G’), 
choosing another point from each component of G not yet exhausted, 
constructing the complete graph on these, etc. More precisely, for each 
pi,? we construct a line from pi,i to pi-l,j , from pi,$ to pi-z,j , and so back 
top,,? . In this way, for each fixed j a complete component of G’ is construc- 
ted. But for each of the ni points in Gi , i - 1 lines have been constructed, 
and we have 
e(G) = i ni(i - 1). 
i=l 
(1) 
We say a component-complete graph G dominates a component- 
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FIG. 1. A component-complete graph and its Ferrers dual, with their Ferrers 
arrays. 
complete graph H if both have n points, they have associated partitions 
and 
n = n1 + n2 + *‘* + nk for 6, 
n = m, + m2 + ..- + m, for W, 
Note that this implies k < Y. This is clearly a partial ordering of the 
component-complete graphs on IZ points. 
LEMMA 1. If G and H are component-complete on n points, and G 
dominates .U, then e(G) > e(H). 
Proof. Let G and H have associated partitions of y1 as shown in (2). 
will show a procedure for removing lines from H and adding other lines 
that produces a graph isomorphic to G, and that at each step adds at 
least as many lines as it removes. The lemma then follows. 
First we add zeros to the partition for 6, if necessary, to make the 
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partitions of equal length. Now let mj be the first m such that m, > nj (if 
none exists, the lemma is obviously true). Since G dominates I& 
and so, for some i < j, ni > mi . Choose a point in Hj (the j-th component 
of H) and remove the mj - 1 lines incident with it. Now add the mi lines 
that connect it with all points of Hi . Since mi >, mj , more lines were 
added than were removed. The new graph HI formed by this process is 
component-complete, and can be associated with the partition of IZ given 
by 
n = m,’ f m2’ + **. m,‘, 
where rni = mi + 1, mi’ = mj - 1, and m,’ = m, for s = l,..., r, s # i, 
s # j. NOW, since n.i > mi , ni > mi’, and since mj was the first m such 
that mj > nj , we know n, > m,’ for all p = l,..., j - 1. Hence for all 
such p, 
But, for p > j, 
and hence G dominates HI . 
Repeating this process, we finally produce two partitions of n such that 
ni > mi for all i = l,..., Y and, since both have r integers, mi = Yli for 
i = l,..., Y. The associated graphs are then isomorphic, and the proof is 
complete. 
We denote by C(G) the complement of G, the graph on the same set of 
points as G, where the points a and b are adjacent in C(G) if and only if 
they are not adjacent in G. Now, for any given graph, order all its com- 
ponent-complete subgraphs by number of lines. For a given component- 
complete graph G on n points let S(G) be the set of graphs on n points that 
have a largest component-complete subgraph under this ordering iso- 
morphic to G, i.e., if H is a member of S(G), G is a subgraph of H and for 
any other component-complete subgraph of H, say GI , e(G3 9 e(G). 
THEOREM 2. The graph in S(G) with the maximal number of lines is 
C(G’), where G’ is the Ferrers dual of G. 
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Proof. We show first that C(G) is in S(G), that is, that G is a largest 
component-complete subgraph of C(G) by number of lines. Since G’ is 
component-complete, no component of C(G’) may contain two or more 
points of any component of G’, for the line joining these points is missing 
Mence if M is a component-complete subgraph of C(G), with c~rnpo~e~~s 
f& 9 ff, ,-..3 H, and u(Hi) 2 u(HJ for 1 < i < j < k, HI cannot contain 
more points than does the largest component of G, which has one point 
from each component of 6’. In fact for each m, G has in its first YIE corn- 
ponents the maximum number of points possible, that is, G dominates H9 
and, by Lemma 1, e(G) > e(H). G is obviously a subgraph of C(G), an 
hence it is a largest component-complete subgraph. 
Now let P be some graph on y1 points with G as largest component- 
complete subgraph. If G has components G, , G, ,..., G,, with v(Gi) = JZ+ 
and ni 3 ~2~ for 1 < i <j < k, then for i < j no point of Gj can be 
joined in F to every point of Gi . If it were, by the process used in proving 
Lemma 1, ni - 1 lines could be discarded from G, the ni lines to the 
points in Gi could be added, and the composers-complete graph which 
results would have 
lines more than G. But this would mean that G would not be the largest 
component-complete subgraph of F. Since each point in Gj therefore is 
not adjacent to at least one point in Gi for each i < j, there are at least nj 
lines missing between Gj and each of the previous j - 1 components. 
Counting these for each component, there is no duplication since for eat 
Gj we count only lines missing between Gi and components of lower index, 
and, if we sum over all components, at least Cj”=, nj(j - 1) lines are 
missing. But this is precisely the number of lines in G’, as shown in (l), and 
hence, if K, denotes the complete graph on N points, 
e(F) < e(&) - e(G’) = e(C(G’)). 
This completes the proof of the theorem. 
From this theorem it is apparent that the maximum number of lines that 
must be removed from some graph on y1 points to make it component- 
complete must occur on a graph of the form C(G’), since every graph has 
some largest component-complete subgraph 6. We now consider all 
component-complete graphs G on n points, and wish to maximize the 
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minimum number of lines P(G) that must be removed from G so the 
remaining graph is component-complete; P(G) is given by 
f’(G) = 4CtG’)) - 40 
= e(K,) - e(G’) - e(G). 
Equivalently we wish to minimize e(G’) + e(G). To do this, consider the 
Ferrers array F(G) of a component-complete graph G on y2 points. Label 
the points of I;(G) as in a matrix, with pi,j the i-th point in the j-th row of 
the Ferrers array; piSj corresponds to the i-th point in the j-th component 
of G. The diagonals (ascending to the right) of the Ferrers array can be 
characterized as the collection of points pi,j , i, j > 0 for which i + j is a 
constant. Let D be the first diagonal of the Ferrers array which is incom- 
plete, having no point in position i, j. If a point P~,~ is on another diagonal 
of F(G) that is also incomplete, then r + s > i + j. By moving the point 
pr,s to an empty position on D we have a new Ferrers array. This move 
corresponds to cutting Y - 1 and s - 1 lines in G and G’, respectively, 
and adding i - 1 and j - 1 lines to G and G’, respectively. But the new 
graph and its dual have a total of 
e(G)+e(G’)-r-s+i+j<e(G)+e(G’) 
lines. Hence moving pr,S to a position on D reduces the total number of 
lines. It is easy to see by a similar argument that moving a point within a 
diagonal does not change the total number of lines. Hence we have proved 
THEOREM 3. The minimum value of e(G) + e(G’), and hence the maxi- 
mum value of P(G) for graphs G on n vertices, is attained when the Ferrers 
array associated with G has at most one incomplete diagonal. 
We give next an expression for P(n), the maximum value of P(G) over 
all graphs on n points. Let N be the greatest integer such that 
WV + I)/2 < n, 
and let G, G’ be component-complete Ferrers duals of each other on n 
points, where the Ferrers array of G, F(G), has at most one incomplete 
diagonal. Then F(G) will have a complete triangle in its upper left corner, 
N points down and N across. This triangle will contain N(N + 1)/2 points 
in it. In G the lines between the points corresponding to the points of the 
triangle form N complete components on 1,2,..., N points, and similarly 
in G’. Hence the lines between these points together total 
iv i(i - 1) a--y- 
i=l 
= jjl iG - 1) 
MAXIMAL COMPONENT-COMPLETE SUBGlWPHS 251 
lines. All lines not yet counted join points corresponding to points on the 
only incomplete diagonal D of F(G) (if any) to points corres 
points within the triangle. Each point corresponding to a point 
to N other points in G or G’, since, if a point of D is in a row 
points, then the point is also in a column with N - M othe 
there are M - [N(N + 1)/2] points in D; hence the total number of tines 
in G and G’ is given by 
e(G) + e(G’) = N (n - N’N2+ I) 
and this gives our concluding result: 
n(n - 1) en> = 2 _ *N+ W“J+ lXN-!- 2) 6 - 
where 
N= iI 
